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Abstract

This paper develops a method to construct confidence set for partially identi-
fied finite-dimensional parameters of interest from a finite number of moment in-
equalities which involve point identified infinite-dimensional nuisance parameters.
We first point identify the nuisance parameters that are mean square projections
and then construct the confidence set for the parameters of interest in two-steps.
The effect of nuisance parameters on the confidence set is characterized by a corre-
sponding influence function of the sample mean of the moment functions through
a reparametrized GMM condition and the general formula of the asymptotic vari-
ance of the sample mean is derived. The violation to the moment inequalities while
approximating the nuisance parameters is addressed along with the two-step pro-

cedure where a Bonferroni-type correction is critical to the uniform asymptotic size.
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We prove the uniform asymptotic size control property of the constructed confi-
dence set, while the uniform bootstrapping consistency when nuisance parameters
are present is derived. We illustrate the method by developing a complete structural
model of a static discrete incomplete information game with state-dependent inter-
action effects among radio stations considered in De Paula and Tang (2012a), where
there is a need to approximate the true conditional choice probabilities as the nui-
sance parameters.
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1 Introduction

Under an unconditional moment inequality model, when the parameters of inter-
est are partilly identified without any nuisance parameters, the usual sample mean and
sample variance of the moment functions, as the estimator of the asymptotic variance of
the sample mean, can be applied. However, when the nuisance parameters are present
and are approximated by their estimators, the asymptotic variance might be different
from the usual sample variance. The confidence set of interest regarding the test con-
cerning the moment inequalities will then be affected by the inconsistent variance esti-
mator. And the size of the test cannot be controlled. Therefore, the foundamental ques-
tion we need to address with is the variance estimator in a moment inequality model
where there are nuisance parameters, in particular the infinite-dimensional nuisance
functions.

This paper develops a non-standard testing method to conduct inference on par-
tially identified finite-dimensional parameters of interest in finite number of uncondi-
tioanl moment inequalities when there are point-identified infinite-dimensional nui-

sance parameters by the confidence set of the true parameters of interest, which has



not been generally resolved in the literature. We first point identify the nuisance param-
eters taking the form of the mean square projections by finding its estimators. Through
a reparametrized GMM condition, we derive the general formula of the sample mean
of the moment functions and the estimator of the asymptotic variance of the sample
mean applying the results from Newey (1994a). These estimators given the estimator of
the nuisance parameters appreciate the effect of the nuisance parameters on the con-
fidence set of interest. The confidence set of interest is then formed by a two-step pro-
cedure proposed by Romano et al. (2014). The first step is to form the confidence set of
population moment functions s, in order to deal with the slackness parameter /7,
that cannot be consistently estimated. The second step is to construct the confidence
set of interest given 1, which takes the value of the lower-left vertex of its confidence
set along with a Bonferroni-type correction. In this two-step procedure, the probability
that the estimator of the nuisance parameters violates the moment inequalities when
the moment inequalities hold is considered through the first step confidence set along
with the aforementioned estimators. The test corresponding to the Bonferroni confi-
dence set is then shown to satisfy the uniform asymptotic size control (UASC) property.
The result relies on the uniform bootstrapping consistency when the nuisance parame-
ters are present in the test statistics.

The method has general implication in industrial organization, microeconometrics,
political economics, labor economics, finance, etc. We will illustrate the method and
demonstrate the general interest through the Conditional Choice Probability (CCP) that
are nuisance parameters occurring in the moment inequality model which has not been
fully addressed with in the literature. We develop a novel complete structure model of
a static discrete incomplete information game with state-dependent interaction effects
among radio stations previously considered in De Paula and Tang (2012a). The con-
struction of the structure model for the payoff-related parameters of interest involved

in strategic behaviors of radio stations consists of three stages. The first stage is to find



the unique Bayesian Nash Equilibrium (BNE) upon the information structure. The sec-
ond stage is to adopt the BNE to form a unique prediction model in terms of CCP. The
third stage is to establish the econometric model in terms of moment inequalities via
taking expectation of the prediction model written in terms of inequalities. The confi-
dence set of interest in this case is then founded by grid search.

The main contribution of this paper is the reparameterized GMM condition pro-
vided for the general unconditional moment inequality model with partially identified
finite-dimensional parameters of interest and point identified infinite-dimensional nui-
sance parameters and the consequential derivation of the asymptotic variance of the
sample mean of the moment functions. The reparameterized GMM condition helps to
transform the complex moment inequalities to moment equalities so that the tools of
semiparametric analysis can play arole. The paper provides a general framework for the
unconditional moment inequality model with partially identified finite-dimensional pa-
rameters of interest and point identified infinite-dimensional nuisance parameters un-
der least restrictive assumptions. Besides, the paper contributes to statistics by the
derivation of the uniform bootstrapping consistency when the estimator of nuisance
parameters is present. And it also contributes to the applied research and industrial or-
ganization research by the structure model or the general solution to deal with the CCP
as the infinite-dimensional nuisance parameters occurring in the moment inequality
model. The main caveat however is we do not provide the identification condition of
the nuisance parameters while we assume it to be point identified, which is not the fo-
cus on the current paper. Besides, the further reduction of computation burden will be
an interesting topic in the future.

When we are facing with moment equality conditions focusing on the parameters
of parametric part but with some nonparametric nuisance parameters, the semipara-
metric model will be the general method to infer the parameters of interest in the para-

metric part, with rich literature including the nonparametric GLS for unknown variance



function in Robinson (1987), the partial linear model in Robinson (1988), the MINPIN
estimation of a criteria function in Andrews (1994), the nonparametric propensity score
for average treatment effect estimation in Hahn (1998) and Hirano et al. (2003), the two-
step GMM with nuisance parameters identified by conditional moment restrictions in
Ackerberg et al. (2014) and the locally robust semiparametric estimation by a debiased
GMM in Chernozhukov et al. (2022), etc.

When it comes to moment inequality conditions, even without the nuisance param-
eters, the usual M-estimation might not be applicable unless strong assumptions im-
posed while the parameters of interest are usually not point identified, i.e. the param-
eters of interest might not have a unique value when the moment inequalities hold. A
moment inequality model under point identification has been addressed with the full
column rank condition and the rich support condition, etc, in Tamer (2003). The pa-
rameters of interest therein could then be found by the semiparametric maximum like-
lihood estimator. Meanwhile, using any elements of the identified set to estimate the
parameters of interest is impossible to have a consistent estimator since the value in the
identified set cannot be distinguished from the true value of parameters of interest. And
the general estimator of the identified set is hard to guarantee the set consistency, such
as Hausdorff consistency. The usual way to deal with moment inequalities to conduct
inference on partially identified parameters of interest thereby turns to focus on the
confidence set under some hypothesis testing procedures so that the set can be found
by inverting the test. The application of partial identification has been widely discussed
in topics such as microeconomics, industrial organization, political economics, labor
economics, finance, etc.

One approach to confidence set is the confidence set of the identified set. Manski
and Tamer (2002) motivates it by a criteria function approach to find it as the estimator
of the identified set and discusses the Haudorff consistency. Chernozhukov et al. (2007)

extends it to a general framework of hypothesis testing procedure with the general crite-



ria functions. Beresteanu and Molinari (2008) and Beresteanu et al. (2011) instead focus
on a support functional approach based on the random set theory to perform the esti-
mation and inference for convex identified sets. The estimator of the identified set or the
confidence set of the identified set can be found by their corresponding sample analogs.
Another approach focuses on the confidence set of the true parameter value, which is
motivated by Imbens and Manski (2004). Andrews and Soares (2010a) and Andrews and
Barwick (2012) extend it to a general framework where the slackness parameter is ad-
dressed with the general moment selection functions. Romano et al. (2014) on the other
hand deals with it by a two-step procedure.

In addition to unconditional moment inequality models, the conditional moment
inequality models have been developed relatively afterwards. Andrews and Shi (2013)
adopts an instrumental function approach to transform the original conditional mo-
ment inequalities into the equivalent unconditional moment inequalities. Another ap-
proach by Chernozhukov et al. (2013) utilizes a non-parametric estimator of the original
conditional moment inequalities to estimate and to infer the parameters of interest. Be-
sides, Andrews et al. (2023) and Cox and Shi (2023) choose their specific test statistics to
approximate the critical values by the corresponding pivotal distributions that dramat-
ically reduce the computation burden.

In this paper, we focus on the confidence set of the true parameter value that ap-
plies to more general identified sets which are not necessarily convex and that could be
typically constructed smaller. In particular, we follow Romano et al. (2014) which can
additionally control the probability that the estimator of the nuisance parameters vi-
olates the moment inequalities when the moment inequalities hold that involves with
the UASC property.

When there are nuisance parameters in the moment inequalities, Shi and Shum
(2015) develops a two-stage estimation method to concentrate out the point-identified

finite dimensional nuisance parameters into moment equalities and then to estimate



and infer the parameters of interest by a generalized minimum distance estimation pro-
cedure. Their size result, however, is pointwise in nuisance parameters and does not
consider the effect of the approximation error of the nuisance parameters on the mo-
ment inequalities including that on the asymptotic variance of the sample mean of the
moment functions and the violation of the moment inequalities while using the estima-
tor of the nuisance parameters. For partially identified nuisance parameters, Kaido et al.
(2019) considers the same moment inequality model as Andrews and Soares (2010b)
and partially identify the subvector of parameters regarding all other parameters as nui-
sance parameters by a method of projection of confidence sets with calibrated criti-
cal values. Cox and Shi (2023) considers a conditional moment inequality model with
nuisance parameters but only enter linearly and partially identifies the parameters of
interest by a method of adaptive testing for subvectors using a quasi-likelihood ratio
statistic through eliminating the nuisance parameters from moment inequalities which
drastically reduce the computation burden. Andrews et al. (2023) considers a similar
model to Cox and Shi (2023) with nuisance parameters enter linearly but uses a profiled
studentized max statistics for a hybrid test combining the least-favorable and condi-
tional methods. However, all these literatures for subvector parameters in the moment
inequalities as the parameters of interest deal with finite-dimensional nuisance param-
eters only.

In this paper, we consider a general form of moment inequalities with nuisance pa-
rameters that are infinite-dimensional. We impose least restrictions regarding the nui-
sance parameters except some regularity conditions, the same way as Newey (1994a),
such as Lipschitz continuity. And we impose least restrictions on the data generating
process (DGP) except uniform integrability, similar to Romano et al. (2014). The way we
get the confidence set of interest follows Romano et al. (2014), by a two-step procedure
where Bonferroni-type correction is required. The confidence set of parameters of in-

terest could thereby derived by inverting the test, in particular, bootstrapping the test



statistics in two steps and then following a grid search procedure or some other proper
algorithmes.

The remainder of the paper is organized as follows. Section 2 discusses the moment
inequality model and shows the uniform asymptotic size control. Section 3 provides the
algorithm manual and the simulation study of an interval outcome regression model.
Section 4 discusses an empirical application under a general game-theoretical structure

model for radio stations in the U.S. Section 5 concludes.

2 Moment Inequalities

In this paper, we consider the true value 6, and h, that satisfy the moment inequali-

ties:

EFO[mj(Wiae(]?hO)] 2 O,j == ].,...,]{Z (1)

where 0y(€ © C R?) is the finite-dimensional parameter of interest and ho(€ H C L3(x))
is the infinite-dimensional nuisance parameter. X = x is a subvector of W that will be
defined accordingly under a specific moment inequality model. {m;(-,6,h): 5 =1,...k}
are known real-valued moment functions. The observed random sample of random
vectors W;(i = 1,...n) are assumed to be i.i.d. throughout the paper with the true joint
distribution Fy € F on R?, where F is a class of nonparametric distributions. We con-
sider WW; defined based on Lebesgue measure. The moment inequalities (1) are gen-
eral enough since it could be adopted to form moment conditions for moment func-
tions that less or equal to zero and thereby for moment equalities. Define the gener-
ics (0,h, F') € F. The key feature of this model is that §, need not be point-identified,
whereas hg is assumed to be point-identified under the form of mean square projections
and the identification of &, is not the focus of this paper. That is, given the true DGP F,

we could pin down h,_however we could not pin down ¢, unless additional sufficient



information is provided.

In this model, there are two main tasks in inferring 6,. The first one comes from the
nuisance parameter h, that will affect the estimation of 6, so that we need to estimate
it first. In this paper, we are interest in point identified h, and estimating it by mean
square projection, i.e. ho(z) = E(Y|X), where both X and Y are subvectors of W that will
be determined under the specific models. We then characterize the impact of first stage
estimation of the nuisance parameter i, on the second stage inference of the parameter
of interest 6, by the pathwise derivative under an reparametrized GMM condition of (1)
following Newey (1994a).

The second one comes from the inequality of the moment conditions (1), which im-
plies that 6, is not necessarily point identified. In this paper, we are interested in par-
tially identified 6, by getting a confidence set covering the true parameter 6, in the end,
rather than forming additional conditions to point identify §,. We will achieve it in a
two-step procedure following Romano et al. (2014) where the first step is to get the confi-
dence set of population mean of the moment functions or 1, in (1) and the second step
is to get the confidence set of §,. However, the critical values are data-dependent and
thereby depend on the true DGP, therefore the uniform asymptotic size control (UASC)
regarding the confidence set of 6, is crucial and thereby demanded.

In the first stage, the consistent and asymptotic normal (CAN) estimator of A, i.e.
ho, could be obtained by the estimation of the mean square projection of the subvector
Y on another subvector X i.e. E(/YB(), through the kernel density estimation or series
estimation such that ~, (ﬁo — ho) 4N (0, V). As the Assumption 3 in the appendix, it
is sufficient to require that the convergence rate of ho is faster than n=/4 in terms of
norm || A | in this paper. Through the inference based on the sub-model of the DGP
F. in the direction of 7, we could get the pathwise derivative of the population mean of
the moment functions or y, in (1) denoted as a £ x 1 vector d(W) which measures the

influence of h, on the second stage confidence set of 6, through the estimator of 1.



Given ho, we want to conduct inference on partially identified 6, such that the system
(1) is satisfied. In order to avoid the potential Hausdorff inconsistency issue of the iden-
tified set (IDS), thatis ©, = {# € © : (1)}, and to fit more general IDS which might not
be convex, we focus on the inference of 6, using the confidence set of 6, in the presence

of the potential partial identification:

CS,={0€0:T,(0,ho)) < Cpn(l—a,0,ho)}, 2)

while we consider testing
H(): 90 =0s.t. EFO[mj(VVZ‘,Qo,h()H Z 0,] = ]_k‘, (3)

where the alternative is H, : 6y = 0s.t. Eg[m;(W;, 6y, ho)] < 0 for at least one j €
{1,...,k} and C,(1 — a,@,ﬁo) is the 1 — o quantile of the asymptotic distribution of
T.(0, ho) = T.(6), where o € (0,1). The idea of the confidence set derives from the
duality of hypothesis testing and confidence set.

As pointed out by Andrews and Soares (2010a), there is a general class of statistics in

the form of 7,, = S(y/nm., (), i;(@)) which includes

N
T = mar—~——2",
1<j<k  Sin

4)

L= inf Zu(tYO Zu(0) 5
teRﬁyoo
where Z,(t) = (\/ﬁ(?ll;n*f)j L \/ﬁ(?:,n—t)),
~ 1
Tglr,ad — lnf Zn(t)’Qn Zn(t), (6)
teRE
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where Q,, = Q,, + mazx{e — det(@;), 0} - I, and

Tmmm zﬁl(@f A{m;, < 0} )
jn

The function S : R* x R¥* — R is continuous in both arguments and weakly
decreasing in each element of its first arguments. Besides, S(m,%) = S(Dm, DXD)
for all m € R*, ¥ € R** and positive definite D € R***. In this paper, let 1, =
1, (0, ho, F) = Elm; (Wi, 0, ho(x))], j = 1, .k, X = Sag(6, ho, F) = Vielm(Wi, 0, ho(2))),
D = Diag(X) = D(0,ho, F), Q = Q(0,ho, F) = D~35D"3, 62(6, hy, F) denotes the j-th
diagonal element of ¥, ;7 denotes the estimator of 11, 5. denotes the estimator of & and
similarly for D and © and S7, = o3(b, ho, ﬁ;) where F', denotes the empirical distribu-
tion of the W;(i = 1,...,n), thatis F;(w) = 132 1{{W; < w} ,where 1{-} denotes the

indicator function. Hence, ji; = j1;,, = pua, (6, f?o, ﬁ) =, and 5= Ym0, fL;), ]5;).

T,(0) = S(v/nfi(8), £(9)) 8)

= S(v/nD72(0)(fi(0) — par(0)) + v/nD~2 (O)ar (6), (0))

When we try to find the asymptotic distribution of 7,,(#), under suitable conditions,
the inner part /nD~2 () (7i(8) — p(6)) is convergent in distribution to a normal distri-
bution while Q(¢) is convergent in probability to a correlation matrix. However, since
v/nuy cannot be consistently estimated, we may want to replace it by some statistics
such that our ultimate goal that the test defined by the critical function ¢,, later using
(27) is uniformly valid and the UASC regarding the confidence set of 6, w.r.t. the approx-

—

imated critical value C,,(1 — «, 0, ﬁo) of the test is achieved, that is,

limsup sup FEp[p,] < a. 9)
n—oo (0,h,F)eF

11



We will obtain the critical value by bootstrapping the test statistics after the replace-
ment demonstrated by the two-step procedure. As pointing out by Andrews (2000), we
cannot simply bootstrap 7,,(0) to get its critical value and to form the test. This is be-
cause the bootstrapping may fail when the true DGP is on the boundary of the DGP

space while we need a uniform consistency in levels that is defined in this paper as (9).

The UASC is crucial because C,,(1 — «, 0, EO) is data-dependent and thereby depend on
the true DGP so that the objective size need to be correct for the sample size regardless
of the DGP in order to have meaningful asymptotic properties. In another words, the
limit of the pointwise size will be very misleading since it does not rule out the case,
for example, that for any sample size n, in particular for any n < inf{Ni,..., N;} where
I is the cardinality of the DGP space and N, is the infimum of the set of the natural
numbers of sample size of the test w.r.t. the j-th DGP that makes the size controlled,
there is a F such that Fr[¢,] > «. The counter-example can be easily formed using a
t-test. For more details regarding the importance of the uniformity, Imbens and Manski
(2004) discussed an example of finite sample sample size distortion and Andrews and
Guggenberger (2009) discussed the possible discontinuity of the asymptotic distribu-
tion of 7},(#) under drifting sequence of parameters.

In this paper, we will follow Romano et al. (2014) to adopt a two-step procedure to
conduct uniform inference on the partially identified 6, through bootstrapping. An-
drews and Soares (2010a) considers a method where /nD~2 1y, is replaced by a moment
selection function ¢ (&, 2) defined there to avoid the consistent estimation for \/nu,, and
to find the critical value C,, (1/—\04, 6) so that the UASC property is achieved. Similar to
Andrews and Soares (2010a), the key replacement applying the method in Romano et al.
(2014) for \/nuy, is thereby the lower-left vertex of the confidence set of ), multiplied
by root n, denoted as /n\ € R*. This confidence set about /nu,; will be the first step

confidence set corresponding to the test Hy defined by (12). Let C,,(1 — «a, 6, ﬁo) be the

1 — a quantile of the asymptotic distribution of 77° (§) which denotes the T}, (6) after the

12



replacement. The second step confidence set corresponding to the test H, will then be
that of 6, given ), defined by (23). The UASC corresponding to the Bonferroni con-
fidence set will then be shown under these two step testings. This non-standard test
procedure is also applied in Staiger and Stock (1997) under a weak IV context. Both
T,,(¢) and T7%(#) depend on h, but ignored for notational conciseness.

Therefore, the first step is to construct a confidence set of 1), under Hy and then a
confidence set of §, under H, in the second step. Without loss of generality, we will use

Tmin o . \/E(MM] (F) - ﬁjm)
= min

1<j<k Sin

(10)

as the first step test-statistic and we could use any type of 7,,(f) as described above as
the second step one. Those statistics will typically have asymptotic distributions that are
continuous and strictly increasing, which is easy to establish consistency upon getting
the critical values through bootstrapping. The uniform bootstrapping consistency of
T,(6) and On(ljé,ﬁo) will be shown upon the Lemma 9, which essentially applies
the Theorem 2.4 of Romano and Shaikh (2012a).

Suppose 11y, is the true value Eg, [m;(W;, 6y, ho)] and
HOI UM = ,LLSt EFO [m](WZ, 60, ho)] > O,j =1...k (11)

where Hy, : puy = ps.t. Egm;(Wi, 00, ho)] < 0 for at least one j € {1,...,k} which
enables us to form the test of H, conditional on 1, characterized by (3). The ultimate
test of interest defined by (27) will then be constructed along with the test of H, and that
of Hy. The test cannot be rejected when there exists a null of H, and H is true. The type
I error will then be the probability of both H, and H are rejected simultaneously when
there is at least one null is true. Hence, similar to Bonferroni correction for controlling
the probability of one or more false rejections not exceed a given level « € (0,1) by

g € (0,a), we need to introduce a Bonferroni-type correction  here to account for

13



the possible case that 1), does not lie in M,,(3) defined by (12), which may lead to the
non-convergence of the first step confidence set as i,y — o0, and to adjust it in the
second step. And the test ¢,, needs to be defined accordingly. In this case, the corrected
level 5 for Hy need to be strictly less than a. Given the Bonferroni-type correction g in
the test of Hy and H,, the probability that the moment inequalities are violated while
approximating the nuisance parameters by ho when the moment inequalities actually
hold will be naturally contained in the size of the test of interest. As long as the UASC
property holds, this special approximation error will be controlled.

For more generous construction of Bonferroni critical value, see McCloskey (2017).
Similar to Andrews and Barwick (2012), g is essentially a tuning parameter under this
context and could be found accordingly by maximizing the weighted average power, al-
beit not the focus of this paper. The naive choice of 3 is {5 that leads to good power
properties as pointed out by Romano et al. (2014). Ideally, the size would be less conser-
vative and the power would be better if 5 is closer to zero which could be demonstrated
by the simulation study in the next section.

The idea of using the lowest A concerns the least favorable case such that the power

is least, that is when 77°(0) is highest. The first step confidence set is thereby defined

by

M,(8) = {u € R¥ : T > K V(8. F,,) }, (12)

where 3 € (0, a) and the distribution of 7/"" is defined by

(F) =i
Koz, F) = P{ min, Y05 (F) = Rin) x} (13)
1<j<k Sin

However, in order to find M, (53), we need first find  and . In this paper, hy is as-

sumed to be E(Y|X), which allows general ways to estimate it such as kernel or series

estimators as discussed in Newey (1994a). Given the consistent nonparametric estima-
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tor h = ho = EW), we could find the 7 and ¥ by a reparameterized GMM condition
(15) with the method provided by Newey (1994a). Thereby consider the reparameter-

ized moment functions under H,
9W. par, ho) = m(W, 0, ho) — E[m(W, 8, ho)] = m(W, 0, ho) — par, (14)

where

holds trivially. Then
= i m(,0,7) 16)

which minimizes the squared error loss function

o~

- 1 S
Qn(piar) = [EE?:M(W@MM; h)] F[ﬁzizlg<Wi,MMah)]7

where a weighting matrix [REEY) along with the identification of x,, are assumed by As-
sumption 7 in the appendix A. Then by the Theorem 2.1 of Newey (1994a), we could
find the influence function of i under F’ by the pathwise derivative d(1/) along a path of
F. € F, ak.a. aone-dimensional subfamily of F, under some regularity conditions (RC)
described in the appendix, so that the consistent estimator & can be found as follows.

Let || f || denote the £? norm for any generic function f.

Lemma 1. Under RC as displayed in the appendix, if:
(i) ho is point identified and || b — ho || 20,

(i) 3, || @Wi) — a(Wi) [> B0, where &;(W;) = B(2mete))
" Om; (W,0o, o
ho(:)) and a;(W;) = E(ZGEB| X = 23)(y; — ho(:)),

Gii) || g(W, o, h) = g(W, puag o) (1< O(W)(Il o= pana || + [ b= ho |]) while E[b*(W)] < oo,

X =) (yi —

then

D)) (17)
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where

o
I

¥ Tx? (18)

S|

PN ~ ~ 1., ~ -
1j = 1j(Wi, 00, ho(w;)) = m;(Wi, 0o, ho()) — Ezmmj(Wm 0o, ho (i) + a5 (W5)

and

Y=E(x) (19)

Ly = 1;(W, 00, ho) = m;(W, 0o, ho(x)) — par; + aj(W5)

Proof. First observe that E[g(W, par, ho)] = 0 is the GMM moment condition, where g is
defined as (14). We fix a ¢, value at ¢ under H, so that only x,, and h, are the unknown
parameters. Then under the point-identification of 1, and hq , the moment function
¢ has randomness coming from W ~ F' only while the two parameters 1), and h, will
be determined once the DGP F'is given. Then by Theorem 2.1 of Newey (1994a), under
Assumption 2, there exists a pathwise derivative of 1,; denoted as d(WW) that equals to

the influence function of ;i denoted as /(W) such that
Vi = par) = n” 2SI (W) + op(1). (20)

Under RC Assumption 3 and 5 that guarantees the functional E[g(W, us, b, )] is contin-
uous and linear so that Riesz representation theorem is applicable , by Propositions 1,4

and 5 of Newey (1994a),
(W) = =G g(W, s, ho) + (W), (21)
a k x 1 vector, where ¢ = 2Zs(Who)] a(W) = 6(x)(y — ho(z)), 6(z) = E[A(W)|x]

op p=pn’

16



and A(W) = 99(Wopna,h)

o )‘ heho(2)° Hence G¢ = —I; by dominated convergence theorem

given Assumption 1, where [ is a k-dimensional identity matrix. Therefore, as A(WW) =

el
(Wi, 00, )]y o

8m(W, 90, h

Y(W) = m(W, 00, ho) — puns + E( an ) |h:hg(x)

) (y — ho(z)), (22)

where E(¢(W)) = 0. Hence, the asymptotic variance of ji,, is

which is (19). The consistency result of the plug-in estimator . is a direct consequence

of Lemma 5.2 and Lemma 5.4 of Newey (1994a) under Assumption 3-8. O

om;(W,00,h . . . s om;(W.,0p,h
Remark 1. E(%h:ho(x) X =u),j =1,...,k, is the projection Of%’h:hg(m)
on the plane of all square integrable functions of X. E(W | heho() X = z) will be

determined using a smooth function, such as kernel function or series function under
some additional conditions for the nonparametric estimation. And the key feature of %,
comparing to the normal one-step GMM is that we have an adjustment term regarding

ﬁo(x), which is

—

Om;(W, 0o, h) R
E(jT‘lmho(x) X =z)(yi — ho(z)),
j = 1,...,k, in this paper. This adjustment term characterizes the effect of estimator

ho on the asymptotic distribution of 7i through the channel of the asymptotic normality
of /i E[g(W, f1as, ho)], where Elg(W, jias, ho)] = Ga(piar) = LS1,m (Wi, 0, ) — puas. Through
7i, which further affect ¥, along with £, the confidence sets in two steps, i.e. (12) and
(23), will be characterized under bootstrapping. Apparently, if the choice of i and 5

is problematic, the validity of the confidence set of parameters of interest will fail. If

a(W) =0, o will have no impact on it.
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The estimator of «(W) could be formed by plug-in without knowing the actual func-
tion form of (W) which could be shown immediately follows the proof of Lemma 4 in
the Appendix B. The corresponding construction for kernel estimator for 1 has been dis-

cussed in Newey (1994b) and the series estimators has been discussed in Newey (1994a).

Remark 2. For the case of N nuisance functions under

E[Q(VV,MM,hlo,...,hND)] = 07

the corresponding result in Lemma 1 remains with the following formula for the path-

wise derivative.

Y(W) = =G Hg(W, par, hao, - - . hvo) + a(W)],

where
G = OE[g(W, p, hao, - - -, hno)] |
o au p=pnr’
a(W)=ar (W) + -+ an(W),
Og(W, par, ha, ..., h
aj(W) = E( ( MahAl v ‘hj:hjo(x) X = xi)(yji — hjo(w:)),
J
and
hyo(x) = B(Y)|X = 2)

forj=1,...,N.
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The second confidence set is then defined by

—

CSp(a— ) ={0€0:Ty(0,h) < Co(1 —a+ B,6,ho)}, (23)
where
Cn(l_a—i_ﬂ?eaﬁ()): sup Jnil<1_a+ﬁv>\aﬁ;)7
AEM (B) NRY
and

(@, A F) = P(S(D7V2 (/i — pu(F)) + D20, 9,) < ) (24)
represents the distribution of T7%(9) while J,,(z, u, F) = J,(x, F) represents the distri-
bution of 7,,(0). Under the null,

A; = max(fi; + ,0) (25)

and

Co(l — a4 5,0, 1) = J;H(1 = a+ B, X, F).

Then our task will be getting the asymptotic distribution of 7,,(¢) and its approxi-
mated critical value C,, (1 “a+t 3, 0) using bootstrapping, ignoring 1 hereafter, at level
of « so that we could discuss the UASC which leads to the following main result. The
algorithm of the two-step procedure with nuisance functions will be discussed in the

next section.

Theorem 1. Suppose W;,i = 1,...n, is an i.i.d. sequence of random vectors with distri-

bution F' € F andF satisfies

lim sup Ep [(MY]I{

A=00(0,h, F)eF oj(F)

%) > )\H —0 26)

foralll < j < k, where (W) is defined by (22). If RC as displayed in the appendix and
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the assumptions of Lemma 1 satisfied, then the test defined by the critical function
00 = 0u(0,8) =1~ L{M,(8) CRE}U{T,()) (1= + B.6)}}  (27)

of Hy satisfies the UASC property as defined by (9) for statistics (4), (6) and(7).

Remark 3. The uniform integrability condition requires uniformity over DGP of inte-
gral while the normal asymptotic tools such as the weak LLN and Lindeberg-Levy CLT
only require for a fixed DGP. This is the only assumption we would need for UASC in
comparing to that of the literature. Besides, the UASC in this paper is achieved more
general compared to the Andrews and Soares (2010a) in the sense of weaker conditions
demanded that, for example, the CLT we apply is Lindeberg CLT while they apply Lya-
punov CLT. All other assumptions are regular for the sake of the approximation of the
infinite dimensional parameter /o and the finite dimensional parameter 1,;. Therefore,

the space of DGP F is of least restrictive compared to the literature.

Remark 4. The test (27) takes into account that the estimator f?o of hy could take any
value in the neighbour of 4, including the case Eg, [m;(W;, 6y, ho)] > 0,7 = 1...k would
be rejected as long as ho converges in probability to ~, under an appropriate rate. That
is we could tolerate the violation of the nulls H, and H,, i.e. there existsa j € 1,...,k
such thatEg [m;(W;, 0y, ho)] < 0, but the frequency of the violation cannot be more than
the levels defined in each tests. The size of each individual tests of Hy and H, will be
shown by the Lemma 7 and Theorem 1. Therefore, the confidence set C'S,, of interest
allows to some extend the sample noises overall. However, in order to uniformly control
the false positives including this, we need to introduce the Bonferroni-type correction
for the two-step procedure amounts to the one in Romano et al. (2014) as described in

details above.
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The proof of this theorem demands the asymptotic distribution of the test statis-
tics and thereby relys on the uniform bootstrapping consistency result motivated by the
Theorem 2.4 of Romano and Shaikh (2012a). To save space, we provide the proof in the

appendix.

3 Algorithm and Simulation Study

3.1 Algorithm for Partially Identified Parameters of Interest

—

(1) Find nonparametric estimator i = E(/Y|7() and E(ami(w’e"’h‘)(x))

Tl 1) V1 < j < kby

a kernel function or series function using the original sample;

(2) Find 7i by (16) and & by (18);

(3) Find T,, w.r.t. Hy and the bootstrap critical value K (3, Fn) derived by (13);

(4) Use /n\} by (25) to replace /npuy, in (8);

(5) Find the bootstrap critical value C,, (1 —;:6, 0, EO) = J 1 (1—a+8, N, f’;) derived
by (24);

(6) Find the set of values of 0 as defined by the confidence set (23).

During the process, we implicitly utilize the first step confidence set M, () through
its lower left cortex value which will be regarded as the value of )\, to replace yu,; as
described by (25) so as to find the critical value C,,(1 —?:6 .0, ﬁo) of second step. One
can fix 5 = 0.005 w.r.t. « = 0.05 for simplicity. The confidence set (23) can be obtained by
grid search or some other algorithms subject to the moment inequality model therein.
If applying the grid search, the step (6) will be repeating step (1) to (5) for all ¢ values in

O to find the confidence set of interest.

The bootstrapping statistics is defined as such as followed for 77" = 1@%w
) J
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along with 7,, = max—fg—@ for the two hypothesis tests as defined by Hy and H, corre-
1<j<k
spondently with R = (R;, R») repetitions for two separate bootstrapping resampling

procedures. As shown in Lemma 7,

liminfinfP{J (a1, ]/7;) < T < g1 - ozg,f?;)} >1—a;—ay

n—oo FeF

which enables us to construct the critical value of the distribution of 7" behaving uni-
formly over F. Therefore, the bootstrapping statistics for K-!(3, F,,) under R, repeti-
tions will be

min A e Bl 14 (28)

where ﬁj and S7 denote the bootstrap sample mean and the bootstrap sample variance
respectively generated by the nonparametric i.i.d. bootstrapping samples {W}, : i =

1,...,n}forr =1,..., Ry, each with sample size n, which are resampled from the origi-

Va(ii—pan; (Fn)) d
]Uj(Fn; =N

the bootstrapping statistics for C,, (1 — o + 3, 6, ﬁo) under R, repetitions will be

nal sample. Then by Lemma 2, (0,1), Vj. Thus, under the Theorem 1,

(29)

Vil — i) m;}
S; S;

max {
1<j<k

where ;i and S; are defined same as above.

3.2 Simulation Study

This simulation example is based on Andrews and Soares (2010b). Consider an in-

terval outcome regression model based on a partial linear model

Y =0X +h(Z)+U
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under the assumption of zero conditional mean
EU|X,Z) =0.

Then
E[X*(Y —0X —h(Z)] =0

and

E[0X +h(Z) - Y] =0.

Random variable X and Z are observable, however Y is not. Therefore, if there is no
further assumptions or conditions, ¢ is not identified. For unobservable Y, we could
instead observe an interval Y; < Y <Y, where Y] is the integer part of Y and Y}, is the

smallest integer greater or equal to Y. Thus,
BE(X?*Y)) < E(X?Y) < E(X?Y,).
Then we could form the moment inequalities

E[X%(Y, — 60X — h(Z))] >0
(30)
E0X +h(Z)-Y]>0

where m; = X?(Y,, — X — h(Z)) and my, = X + h(Z) — Y,. The data available to econo-
metricians are { X, Z, Y}, Y, }.

In this study, we specify that

WZ) = E(X|2),

(X,Z)~N((1>,( b2 )),U~N(0,1)and9=1. Then h(Z) = 0.27 + 0.8. We
17 Y02 1
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will apply T = min w along with 7,, = mam—@ to find the finite sample
1<j<k J 1<j<k

coverage probability (CP) of the model above at level o = 0.05. And we fix 5 = 0.005 for

simplicity. The CP is defined as the relative frequency of coverage of the true parameter
6. We will report the CP for sample size n = 100, 500 and 2000.

The plan of the simulation includes three parts: (a) find the identified set of § using

an independent sample of size N = 1,000, 000; (b) generate a new sample and follow the

step (1)-(5) of the algorithm described in the last section to determine the binary choice

—

B=1{T, < C,(1—a+ f,0,hy)} while R, = R, = 1000; (c) repeat (b) R’ = 20, 000 times
to get a collection of value of binary choices { B;} ¥, and calculate the CP = %
What follows describes the concrete procedure.

(1) Simulate a sample { X;, Z;, U; };=:..._y from the DGP specified and calculate a set of

value of h(Z;) = 0.27; + 0.8;
(2) Find aset of valueof Y, = X, +0.27; + 0.8 + U;;
(3) Get a set of value of (V},,Y,,);
(4) Use the set of value of (X, Z;, V., Y,,) already had along with the moment inequal-

ities (30) to get the identified set of , whose element is denoted as ¢, by numerical cal-

culation formed by sample moment inequalities

1
Nzgil[xfym —0X? — X2(0.2Z; +0.8)] > 0

and

1
FEL(0X, 4027 + 08 - Y,) > 0;

(5) Generate another sample of size n following steps (1)-(3) with N replaced by n so
that we could have another set of value of (X}, Z;, Y], Y,,) and find the series estimator

h(z) with intercept using cross-validation criteria GCV or Mallow’s C,, to select the series

term,;
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(6) Consider 6 = ¢, then find the sample moments

1 —_—
i = =X (XY, — 0XP — X2h(Z)]
n
and

N 1 n —_—
fir = — i, (0X; + h(Z:) = Yi,);

(7) Find the estimator of asymptotic standard deviation by equation (18)

1 —— 1 —

S1= =N [XPY,, — 0X7 — XPW(Z:) — fin — (=L, X7)(Xi — h(Z:)]?
n n

and

1 ~
Sy = 52?21[(9 +1)X; -V, — )

(8) Calculate the 7;,;

(9) Use the same sample in step (5) to bootstrap R; 7" each with sample size n by
formula (28) with their corresponding estimator h/(E) ;

(10) Find the 0.005 quantile K, *(3, Fn) as defined according to equation (13);

(11) Find the value of
A; = max(fi; +

forj =1,2;

(12) Use the same sample in step (5) again to bootstrap R, 7'7° each with sample size
n by formula (29) with )} just found with their corresponding estimator h/(Z\) ;

(13) Find the 1 — a + 8 = 0.955 quantile C,,(1 — o + 3) of 775 ;

(14) Find the value of B;

(15) Repeat (5)-(14) R’ times to get the CP.

25



The identified set found in this case is [0.4998,1.2486]. We will then simulate for ¢’
taking values of 0.4498, 0.4998, 1, 1.2486 and 1.3735, which include the cases of the value
of # outside the identified set, on the boundary of the identified set and the interior of
the identified set. We should anticipate that the CP will be lower and lower for ¢’ outside
the identified set and far from the boundary of the identified set while all those CPs will
be less than 0.95. For all the CPs with respect to the ¢’ inside the identified set, it will
be bigger or equal to 0.95. Particularly speaking, for all ¢’ taking interior values of the
identified set, the CPs will tend to 1. And following the UASC property we derive, the
CPs for ¢ on the boundary of the identified set will tend to 0.95 as sample size increases.

The following table displays the simulation results.

Table 1: Finite Sample Coverage Probabilities of Level 0.05 Confidence Set for 6 with
8 = 0.005
Coverage Probabilities for § Values

0 0.4498 | 0.4998 | 1.0000 | 1.2486 | 1.3735
Position | Out On In On Out
n =100 | 0.9199 | 0.9698 0.9325 | 0.6675
n =500 | 0.7575 | 0.9539 0.9517 | 0.1952
n = 1000 | 0.6261 | 0.9585 0.9578 | 0.0274

bt |t | et

According to the results, all the anticipations have been verified, which is consistent
with the UASC result we have shown in the Theorem 1. We also conduct the simulation
for 6 = 0.4498 when n = 6000, the coverage probability is 0.0438. Thus, although the

finite sample power might not be big enough, the asymptotic power will tend to 1.

In order to motivate the idea of choosing 5 close to zero, we implement another sim-
ulation for § = 0.0001 while keeping the same random number generator. In addition to
all the results discussed above hold, when § is chosen a smaller one, the performance
is even better. In particular, the CPs for ¢’ on the boundary of the identified set become
closer to 0.95 and the CPs for ¢’ outside the identified set will be closer to zero. The fol-

lowing table displays the simulation results. Based on the results, for small 5, the test
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would not be overly conservative.

Table 2: Finite Sample Coverage Probabilities of Level 0.05 Confidence Set for 0 with
£ = 0.0001
Coverage Probabilities for 6 Values

6 0.4498 | 0.4998 | 1.0000 | 1.2486 | 1.3735
Position | Out On In On Out
n =100 | 0.9118 | 0.9665 1 0.9503 | 0.7543
n =500 | 0.7433 | 0.9485 1 0.9484 | 0.1853
n = 1000 | 0.6089 | 0.9537 1 0.9532 | 0.0254

4 Empirical Study

When there are parameters of interest involved in strategic behaviors of economic
agents, one can find the economic equilibrium upon the information structure with a
specified solution concept and adopt this economic equilibrium to form a prediction
model in terms of Conditional Choice Probability (CCP). And the econometric model in
terms of moment conditions can then be established via appropriate transformation of
the prediction model so that one can apply certain method to infer the parameters of
interest.

A typical general decision making process is that the decision makers first form their
updated beliefs about opponents’ private signals while there are asymmetric informa-
tion of private signals among all players and then make the corresponding decisions
which leads to certain outcomes. A usual solution concept is Bayesian Nash Equilibrium
(BNE), which is more general than Nash Equilibrium. The outside observer econome-
tricians usually have asymmetric information from all the players in terms of the pri-
vate signals and the parameters in the payoff functions of players, etc. The econometri-
cians could then regard the private signals as random shocks to build up the relation-
ship between the CCP representing the probability of actual choices made by players

and the predicted choice probability (PCP) measuring the events of the random shocks
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that could make any actual choices as one of the equilibrium choices as the prediction
model. Then either the conditional or unconditional moment conditions on the basis of
the prediction model can be found. Based on the dataset obtained and the reasonable
assumptions made, the parameters of interest could then be point identified or partially
identified.

Under this procedure, the function form of the true CCP is usually unknown to econo-
metrician and it will be regarded as a nuisance function. In addition, the nuisance func-
tions can also occur to econometrician when the function form of the payoff function,
a function of covariates, is unknown to econometrician, even if known to all players.
The function form of PCP, on the other hand, given the specified economic structure,
might be known to econometrician. Therefore, addressing with the nuisance functions
while conducting inference on the parameters of interest is of a general interest in the

empirical work, especially under a structural econometric model.

4.1 The Structure Model

In this section, we illustrate the two-step method with nuisance function (NTS) by a
static interaction game with incomplete information, motivated by De Paula and Tang
(2012a) which addresses with the point identification of the sign of the coordination
effect. In our application, we are instead interested in the actual values of the coordi-
nation effect, though partially identified. We want to know whether the radio stations
have incentives to coordinate the commercial breaks upon imperfect monitor from the
advertisers, while it can potentially increase the listenership of the advertisement.

There are N players each player i with a choice set of two elements D; = {0,1}. The

payoff functions of player i are

J#i
To; — 0, lf Dz - O
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where ¢;|X ~ U[0,1]and i € Z = {1,..., N}. The information structure is supposed as
follows: ¢/ X and ;X is common knowledge among all players, player i privately observe
a signal ¢;, whose distribution is a common prior among all players, player ¢ will make
his own choice D, but does not know what the opponents (—i) will choose; we outside
observer econometrician has access to the covariates X and the strategy profiles taken
by the players, i.e. D = {D,};c7, besides we also know ¢;| X ~ /[0, 1] but does not know
any realized value of ¢;. The dataset thereby consists of GG cross-sectional games each
g € G={1,...,G} with their corresponding values of X and D. We assume rational-
ity of all players throughout the games. We are interested in learning the parameters
0o = {&;, 9 }icz- However, like most of the empirical datasets which usually have limited
variations in covariates and thereby the standard assumptions for identification such as
the rich support proposed in Tamer (2003) and Grieco (2014) is hard to be satisfied in
reality, we focus on the partial identification of parameters of interest while the NTS will
work.

The solution concept adopted is pure strategy Bayesian Nash Equilibrium (BNE),
which is defined by the correspondence mapping a profile of private signals to a set
of strategy profiles such that for any player ¢ with signal of player i and any signal-
dependent strategy played by the opponents, the expected payoff of player i conditional
on his signal is maximized, where the payoff function maps any bundle of a strategy pro-
file and a profile of signals to a real number. We will have multiple equilibriums if the
set is non-singleton. The pure-strategy BNE exists for any given X, which can be proved
by the Theorem 1 of Athey (2001) applying Kakutani’s fixed point theorem where the key
is that the payoff functions satisfy the single-crossing condition. Therefore, conditional

on X, the equilibrium condition for player i is

1, if €X + XY BD/(X, )X, 6] — e > 0;
DZ<X, Ei) = J#

0, otherwise.
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We assume

Fox(-|z) = ey Foyx (+|2) (32)

forany x € Qy and F,, x(-|z) is continuous for all i. Then
E[D;(X, €)X =z, &] = E[D;(X, ;)| X = z] = p;(x).
This implies a cutoff rule x(z) for best responses to all players and player ¢ will play 1 if

& < ri(z) = Gz + Sz _pj(x)
j#i

while the function form of p;(-) is fixed at equilibrium. At the equilibrium threshold

k() = €f(x), player i is indifferent from playing 0 and 1, that is

€(r) =&Ex + (%:L’ij (x) =&x + (5;1’26; (7).
J#i J#i

Then B

T (33)

i) =

where a;(x) = &, bi(x) = 0, A(z) = S, 1455 and B(x) = YL, 13525, for all i, which

i=1 T4b;(x) i=1 T4b;(2)

defines the unique BNE, i.e. player i will play 1 if observe ¢; < ¢f(x) and play 0 otherwise.

Note that, in addition to x(z) = (k1(x),...,kn(x)), the BNE can also be expressed

in terms of conditional choice probability (CCP) , i.e. p(z) = (p1(z),...,pn(z)), where

for any = € Qx and for every i, pi(z) = Fx=. (& + djz3_p;(x)). It implies that the

strategy profile is a multivariate Bernoulli random vector iﬁlere each components are

conditionally independent. The mapping between «(z) and p(zx) is bijective conditional

on X when F, x(-|x) is strictly increasing. Thus, the BNE is equivalently characterized
by

pi(x) = Foyx(€i(v)) = E[l{e; < f(2)}] = € () (34)
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for any i.

The prediction model applying the BNE is thereby

H(0,X) < p(X) < H(0, X), (35)

where H(0, X) = [H1(0,X),...,Hy(0,X)], H;(6,X) = E[1{e; < € (z,0)}] for any z al-
most surely and p;(X) = FE[D;|X] for any i . The model is apparently coherent and
complete due to the uniqueness of BNE.

There is no equilibrium selection mechanism (ESM) involved due to the uniqueness
of BNE. One may change the primitive of distribution of ¢|X to other continuous dis-
tribution which may results in multiple equilibriums and ESM will then naturally enter
the model. But that is just an simple conceptually extension with more computation
burden and is not the focus of this application. Besides, the misspecified ESM might
lead to significant bias that has been discussed by Honor and De Paula (2010).

The usual ways to deal with the multiplicity of equilibriums have been discussed in
Ciliberto and Tamer (2009), Beresteanu et al. (2011) and Grieco (2014). The first way is
extending the prediction model (35) to the inequality of CCP for the counterfactual equi-
librium strategy profiles while the lower bound is the probability that the corresponding
counterfactual equilibrium is the unique equilibrium and the upper bound is the prob-
ability that the corresponding counterfactual equilibrium is one of equilibriums. The
ESM is involved but we can grid search 6 without find it while there are least restrictions
imposed on the ESM. The second way is extending (35) to an equality p(X) = H (0, X, o)
where g is the ESM. g can be found along with ¢ and will be unique if the matrix of the
predicted outcome probabilities given the equilibriums is invertible. The key in grid
search of 6 is then to verify whether ¢ exists for all X. Besides, the identification and
estimation of ESM has been discussed in Sweeting (2009) and Bajari et al. (2010) under

parametrization of ESM.
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The econometric model or the moment inequality model is then

E[H(6,X)] < h < E[H(9,X)], (36)

which we can typically apply the NTS to get the confidence set of 6 as defined by (2) to
partially identify 6 with the nuisance function » = p(X) therein. We take a necessary
condition of (35) for a collection of observation of X from different games rather than a
particular observation of X , though it could lead to a bigger confidence set of ¢ if apply-
ing (36). One could further consider conditional moment inequality model as discussed
by Andrews and Shi (2013), Chernozhukov et al. (2013), Andrews et al. (2023) and Cox
and Shi (2023) to avoid this problem, but it is not the focus of this study. Ciliberto and
Tamer (2009) has a similar structure model as the form of (36), however, they use a sim-
ple frequency estimator to approximate the nuisance function ~ without fully consider
the approximation error that would have significant impact on the confidence set of in-
terest, through the channel of the estimator of the asymptotic variance of the sample
mean of the corresponding moment functions as discussed in section 2.

In the above model, £ X is regarded as the basic payoff at state X for playeri. 6;X>_D;
captures the homogeneous state-dependent interaction effect at state X upon Whai‘? Ehe
opponents do to player i and also explains how the state variables will affect the payoff
of a player. One can extend to the case with heterogeneous state-dependent interaction
effect using our method but it is not the focus of this paper. ¢ = {¢;};c7 as private sig-
nals are the only random shocks to econometrician. One can extend to the case when
public shocks known to all players but unknown to econometrician play a role with our
method if the conditional distribution is given. Besides, one can also extend to the case
where the signals are correlated or follow a conditional joint distribution known up to
finite dimensional parameters. Our method can also be applied to other type of games

with different solution concepts, such as entry games under complete information dis-
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cussed in Ciliberto and Tamer (2009) and voting communication games under incom-
plete information discussed in laryczower et al. (2018). In particular, it can be applied to
general support of D as long as the payoff functions satisfy the single-crossing condition
proposed by Athey (2001).

Regarding Mixed Strategy Nash Equilibriums (MSNE) as discussed in Berry and Tamer
(2006) and Beresteanu et al. (2011), one need to further consider the randomization
among pure strategies mixed in MSNE, which is again a simple conceptually extension
with more computation burden and is not the focus of this study. One could also con-
sider model selection between two different moment inequality models implied by dif-
ferent information structure postulated by a hypothesis testing procedure as discussed
in Shi (2015), albeit it is not the focus of this paper. A general framework of forming
moment inequality models under certain conditions or assumptions within a microe-
conomic theory structure has been discussed in Pakes et al. (2015) and a general discus-
sion of applying moment inequality models in different microeconomic context can be
found in Molinari (2020).

The key feature of this study compared to Sweeting (2009) and De Paula and Tang
(2012a) is that the ESM does not get involved at all so that the potential incoherency
and incompleteness issue that the sum of all counterfactual CCP is beyond 1 and the
conditional prediction is nonunique are avoided. And the potential inconsistency issue
that the actual observed CCP, a vector of mixture marginal probabilities, is not a BNE
is avoided. In addition, the prediction bases on the equilibrium solution rather than
equilibrium conditions that commonly preceded in the literature. The rationale is that
under our model the unique BNE is achieved and for any observed choice data, players
are supposed to have made their best response by directly choosing one pure strategy
out of their choice set upon their private signals. And the variation of the dataset solely

contribute to the partial identification such that we will have a set-estimator.
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4.2 The Moment Inequality Model

In this section, we discuss the concrete form of the moment inequality model de-
rived by (36) and the empirical result. We use the dataset used in De Paula and Tang

(2012a)' to investigate the coordination effect represented by {§;},—; . n of three radio

stations, i.e. N = 3, who make one-shot decisions about whether entering the com-
mercial break markets or not among their programming schedule denoted by D,. The
player i choose to enter the corresponding market if D; = 1. Their decisions are state
(X) dependent and private signal (¢;) dependent. The state variable X is the market size
of each commercial break markets taking values of whole numbers range from 1 to 3. It’s
derived by discretizing the population estimates for individuals aged over 12. The total
number of cross-sectional games is 26,152. The dataset comes from BIAfn’s MediaAc-
cess Pro data base, Media base 24/7 and the 2001 Census. The detailed description of
the dataset can be found in Sweeting (2009). We assume the payoff functions m; and 7,
take the form as (31), ¢;|X ~ U[0, 1], conditional independence of ¢; for all i as (32), the
information structure described above and rationality of all players. We formulate the

prediction model based on the BNE (34). Assume all the assumptions in NTS satisfied,

the moment inequality model is as followed fori € Z = {1, 2, 3}.

E[h; — E(1{e; < €f(x,0)})] >0

E[E(1{e; < €(x,0)}) —h) >0
E(1{¢; < €f(x,0)}) has a function form (33) as derived. In this model, there are six mo-
ment functions while two for each players. The parameters of interest are {¢;, 0; };cz con-
sisting of 6 parameters. In addition, there are three nuisance parameters h; = E(D;|X)
which can be estimated by series functions with intercept using GCV criteria to select

the series term.

!All data are available in the replication package De Paula and Tang (2012b) provided through the
website of The Econometric Society.
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For simplicity, we normalize the parameters by & = 1 since only the cutoff matters
in the decision making process of radio stations. Besides, we assume homogeneity in ¢;
for this noncooperative game. We then find the confidence set of §; = 6 among [—10, 10]
with three decimal places as the parameter space by grid search. And the confidence set
of d is

{[~1.539, —1.412], [0.206, 0.208], [0.412, 0.416]}.

We have also performed the search among [—100, 100] with two decimal places and it
turns out that no extra points are found. The corresponding state-dependent interac-
tion effect will be ¢’ X where X takes positive values only.

The result is sharp in terms of the bounds of the subintervals that differ small, which
provides sharp and useful values of the interaction effect of the radio stations trying
to manage their commercial breaks. The result supports the findings of positive point
identified coordination effect provided by Sweeting (2009) and De Paula and Tang (2012a).
However, it also provides the possibilities of negative interaction effects. The difference
from the literature could be the consequence of multiple equilibrium allowed by the
literature and or the weakness of certain assumptions, which are subject to further in-
vestigations.

One feature of the confidence set of interest is the nonconvexity, which again moti-
vates our method that applies to nonconvex identified set. Another implication of our
structure model is that the uniqueness of equilibriums does not imply the point iden-
tification of the interaction effect. While the equilibriums depend on the information
structure of the game, the identification of the interaction effect depends on the dataset

and the identification assumptions if any imposed.
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5 Conclusion

In this paper, we provide a general model to conduct inference on finite-dimensional
partially identified parameters of interest in finite number of moment inequalities with
point identified nuisance functions, under least restrictive assumptions including uni-
form integrability and some regularity conditions. We show that our test to form the
confidence set of interest achieves the UASC through uniform bootstrapping consis-
tency. Besides, we provide a structure model in game theory to illustrate the impor-
tance of our method in terms of CCP that is a nuisance function but has not been fully
addressed with the effect of the approximation error of this nuisance function on the
confidence set of interest. The theory could be widely applied in industrial organiza-
tion and along with the microeconomics, especially when we have belief systems or
other nuisance functions unknown to econometrician but need to estimate it.

The core way we characterize the effect of the estimator of nuisance functions on
the confidence set of interest is by a reparameterized GMM condition that transfers the
moment inequality model into a moment equality model that allows us to apply the
tools from the semiparametric analysis. The asymptotic variance of the sample mean
of the moment functions is thereby derived. Meanwhile, the probability that the esti-
mator of the nuisance parameters violates the moment inequalities when the moment
inequalities hold is naturally handled by the two-step procedure.

The main caveat, however, is the CAN property of the nuisance parameters is needed
to hold that subject to further primitive conditions for the specific choice of approxi-
mation methods, albeit we assume it is point identified. And although our method is
computationally feasible to some extent, the further reduction of computation burden
will an interesting topic in the future. The general partial identification of conditional

moment inequalities is yet also a open question to be discussed.
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APPENDIX

Section A provides the Regularity Condition (RC) assumptions, section B provides the

auxiliary lemmas and section C delivers the proof of the Theorem 1.

A RC assumptions

Assumption 1. x; < co.

This technical assumption guarantees the exchange of orders of differentiation and

integration.

Assumption 2. (Pathwise Derivative) (i) the set of scores for regular paths is linear; (ii) for
any ¢ > 0 and measurable s(W) with E[s(W)] = 0 and E[s(W)?) < oo, there is a regular
path with score S(W) satisfying E[|s(W) — S(W)|?] < ¢; (iii) fins is asymptotically linear

and regular.

This assumption guarantees the existence of the pathwise derivative of interest with
the crucial requirement for asymptotic equivalence of (20). The definition of regu-
lar paths and regular asymptotic linear (RAL) estimators could be found as in Newey
(1994a). What follows are the sufficient conditions for the CAN property of the estima-

tor of 1, or equivalently (20) in this paper.

Assumption 3. (Linearization) (i) There is a function A(W, h) that is linear in h such that
forallh with || h — hy ||< € foranye > 0, || g(W, par, h) — g(W, piar, ho) — AW, h — hy) ||<
b(W) Il b= ho |P” and E((W))v/m || b~ ho ||* 0.

This assumption guarantees the remainder term from linearization while applying
Riesz representation theorem is small and the convergence rate of 7 is faster than n 1

when the moment function g is not linear.
Assumption 4. (Stochastic Equicontinuity) n=2 %" [(A(W;, ﬁ—ho) — [ AW, ﬁ—ho)dFO] 50.
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This Assumption in terms of the above empirical process, not necessarily in the form
of sample average, is the key assumption to be applied of the generic uniform law of
large number as discussed in Newey (1991) and Andrews (1992). One typical sufficiency
of stochastic equicontinuity is in terms of Lipschitz condition. The asymptotic normal-
ity of semiparametric estimators, or /i), in this case, derived by stochastic equicontinu-
ity has been discussed in Andrews (1994). This assumption along with the last one are
requirements on second order terms which essentially requires the moment function

g(W, uar, h) is sufficiently smooth and the estimator 1 is well-behaved.

Assumption 5. (Mean-square Continuity)(i) There is a function o(W) and a measure I
such that E(a(W)) = 0, E[|| «(W) ||?] < oo, and for all || I — hg |< € foranye > 0,
fA(W,E — ho)dFy = [ a(W)dF; (i) For the empirical distribution F(w) = iy 1{W; <
w}, ol [ a(W)dF — [ a(W)dFE50.

This smoothness type of assumption, which has be discussed more detailed in Newey
(1990), is crucial to find the unique adjustment term «(WW) and to derive the asymp-
totic normality of n=2%", g(W;, ,uM,?z) given the consistency of ., which might con-
verge in a different rate. It regards [ «(WW)dF(W,h) that will be differentiable in A if
dF (W, h)'/? has mean square a mean square derivative, which leads to the differentiabil-
ity of E{g(W, s, hr)] in 7 of a path { £ } in F. It along with the linearization assumption
makes the Riesz representation theorem applicable for the derivation of the influence
function ¢ (W). The assumption 3-5 together guarantees the proper approximation of
VGn(par) by 281 [g(Wi, par, ho) + a(W;)]/+/n + op(1) that leads to the asymptotic nor-

mality of \/ng, (1) given the consistency of h under a proper rate of convergence.

Assumption 6. Therearee, || h ||,b(W),b(W) > 0 such that (i) for allp € M, g(W, i, ho) is
continuous at u with probability one, || g(W, u, ho) ||< b(W); G| g(W, p, h)—g(W, u, ho) ||<
bW)(Il b= ho ||}

This assumption provides an uniform Lipschitz condition of order ¢ for the uniform
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convergence of || g, (1) — E[g(W, 11, ho)] || over p € M, i.e. sup | 9n (1) — Elg(W, 11, ho)] ||
pe

20 similar to Andrews (1992).

Assumption 7. (i) there exists an estimator I' of a weighting matrix T such that T 5T,
where I is positive semi-definite; (ii) ' E[g(W, u, ho)] = 0 has a unique solution on com-

pact M at .

This assumption assures the identification of y,; which then could deliver the con-

sistency of iz combined with the last assumption.

Assumption 8. (i) u € interior(M); (ii) thereis|| h ||, e > 0 and a neighborhood N of
par such that for all || h — hy ||< €, g(W, u, h) is differentiable in  on N; (iii) G'TG is

9g(W,p,ho)

nonsingular for G = E | o : (iv) E[|| g(W, par, ho) ||] < oo; (v) Assumption 6

‘N:NJM]
is satisfied with g(W, u, h) there equal to each row of 0g(W, ui, h) /0.
This assumption provides an uniform Lipschitz condition of order ¢ as Assumption 6

to deliver the consistency of the Jacobian 1 X1, V,,g(W;, f, h) g(W, par, ho)], which

EV,
leads to the asymptotic normality of jz;; and the consistency of 5.

Remark 5. The RC Assumption 3-8 together could deliver the asymptotic normality of

pr by mean-value expansion as discussed in Newey and McFadden (1994).

B Auxiliary Results

Lemma 2. LetW;,i = 1,...,n, be an i.i.d. sequence of random vectors with distribution
F, € F onRP. Suppose ¥ is such that forall1 < j <k, AlmnsupIElp[(ng))) ]l{ %‘ >

—>OOF6F J
AH = 0. If RC satisfied, then under F,, Vj, +(F"))—>N(O, 1).

Proof. By Lemma 1, \/n((fixs — par) = =257 40(W;) 4op(1) where ¢ (W;) is characterized
as (22) and E(y(W;)) = 0. Since W; is i.i.d., ¢(W;) is i.i.d.. Then by Lemma 11.4.1 of
Romano and Lehmann (2005), %}JMW) 4N (0,1). The desired result followed then

by Slutsky’s theorem. O
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Remark 6. Thislemma relies on that o;(F;,) cannot tend to zero. There is a DGP of ¢; (1)
on R uniquely determined by the DGP F' of W so that Lemma 11.4.1 of Romano and
Lehmann (2005), derived by Lindeberg CLIT, is applicable. The asymptotic equivalence
expansion is derived upon the true DGP Fj. Given the true DGP [, = F;,, we could have

the above dynamic DGP CLT.

Lemma3. LetY, ;. ...,Y,, bei.i.d. withdistribution G, € F with finite mean u(G,,) and

F satisfies

, Y — pu(F)P? Y — pu(F)|
s supEr | 5 ) 1 o(F) M=o (37)

LetY, = ¥ ™' Then underG,,Y, — u(G,)>0.

This Lemma is similar to Lemma 11.4.2 of Romano and Lehmann (2005) but under a

different assumption.

Proof. The proof follows the arguments of the proof of Lemma 11.4.2 of Romano and
Lehmann (2005) by define Z,,; = Y, ,1{|Y,;| < n} and m, = E(Z,;) so that we could
prove the result by an intermediate result Y;, ;%>m,,, which can be shown by two func-
tions 7,(t) = t[l — G,(t) + Gu(—t)] and ,(t) = 1 [*,22dG,(t) that transform it into
showing P(|Y,, — m,| > ¢) < € 2k,(n) + 7,(n) — 0. WLOG, let u(G,,) = 0. By observ-
ing that: ZL@OEGnﬂYn,,-P]l{{\YnA > n}) = gﬂgoEGn(|Yn7i]2|{]Yn,i| > n) x P(|Y,;| >n) >
qgingoEGn(]YmH{\Ym] > n) x P(|Ya| > n) = gi@oEGn(]Yn,i\n{{]Ym\ > n}),we will still
have lim 7,,(n) = 0 since 0 < 7,(n) = nP (Y, > n) < Eg, [[Yn|1{{|Yn;| > n}] for any
n > 0 and the uniform integrability condition (37) , which implies 7%@_}7730 Ec, (1Y P 1{{| V0]
n}) =0, and k,(n) — 0 because Vé > 0, 33, such that liWiSUpEHYn,A x 1{|Y,:| > Bo}] < 2

while n = (. Then m,50 by the same observation. The desired result thereby is

achieved by continuous mapping theorem. O

Lemma4. LetW;, i =1,...,n, be an i.i.d. sequence of random vectors with distribution
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F, € F onRP. Suppose: (i) F is such that forall1 < j <k,

pm e | () {2 | )] =0 @)

(ii) RC satisfied, (iii) | h—ho || 20, (i) 12, || &(W;) —a(W;) |2 20 and @) || g(W, u, h) —
gW, war, ho) [|<OW)(|| o — par || + || h — ho ||) while E[b*(W)] < oo, then under the true
DGP F,: ()82, %0%(0, F,), (i) | £ — £(F,) || %0 and (iii) | @ — Q(F,) || 50.

Proof. Following the proof of Lemma 1, under assumption (i), (W) = g(W, u, ho) +
a(W), where g(W. puar, ho) = m(W,0,ho) = pas, a(W) = B(#GREE ) (y — ho(w))
and E[¢(W)] = 0. Under assumption (ii), in particular RC assumption 3-7, and (iii),
by Lemma 5.2 of Newey (1994a), fi—uy. Then by assumption (iii) and (v), 37, |
g(W, 7, 1) — g(W, par, ho) ||* 20, applying Lindeberg-Lévy CLT and continuous mapping

theorem. Then by assumption (ii) and (iv), following the proof of Lemma 8.3 of Newey

and McFadden (1994),
1 ,
—E”1¢( (W) = —E”ﬂb( DR
where §;(W;) = g;(W, i, h) + & (W;) andc@(%)ﬂ(%h yi — ho(;)). Thus,

LSy (W) (W )—> S (W) (W;) and Lo (W), (W, )% S (W) (W)

where [ # ¢. Then by assumption (i) and Lemma 3,

S (W () B, [, (W) (W] = 0206, ),

which leads to
82, = ~ S (W5 (W) (6, )
by continuous mapping theorem. Regarding (ii), we need further the consistency of

the off-diagonal element of 5 under a dynamic DGP true F,, when we don’t have the

41



corresponding uniform integrability condition as (38). Then also by continuous map-
ping theorem, it's sufficient to show, under F,,, 37 ¢ (W;)t,(W, )2 B, [ (W), (WY).
Let Z,,; = ¢Yy(Wh,,i)(W,..), following the proof of Lemma S.7.1 of Romano and Shaikh
(2012b), by the inequality

lal[B|L{{|al[b] > A} < |a*L{|a] > VA} + [b]*L{|b] > VA},
we will have

A—=00 oo

Therefore, by Lemma 11.4.2 of Romano and Lehmann (2005), the desired result fol-
lows. (iii) is a direct consequence of (i) and (ii) by continuous mapping theorem so that

Sjmﬁ)O'j(e,Fn). O

Lemma 5.

P;(W) _
A0y =

ifand only ifVE, € F, lim limsupEr, (& =t ) {]1{|jf; > =0

A—=00 poo

lim supEp [(%(W) )2

A= 0 PR O'j( )

Proof. (onlyif): as A\ — oo, supEF[(%f{]l{]%(W)\ >\}] > lim B, ()2 g i)
FeF n—oo

o (F) o (Fn) 0 (Fn)

A} >0, VF, € F. The desired result followed by squeeze theorem when

tim B [ UL > M) = timsupb, [ IS4 > 2]

(if): Suppose the supremum exists for Er [( ) {]l{|”’f | > A}], then there exists
a subsequence {F, : F,, € F} such that
¥;(W)

supbe (LD UL > )] =t [(250) 00200

| > A}
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Thus limsupEr, [(£50) ({253 > A} = %EF[(ﬁ§§¥)>)2{]1{\1§§<(¥)>| > A} = 0as

n—oo

A — 00. O]

Lemma 6. Let J,(x, F) be the distribution of the test statistic T"™™ as defined by (10) with
=13 m(W;,6, h) Suppose all the assumptions in Lemma 4 satisfied. Let ¥ be the set
of all distributions on R?. DefineV(Q), F) € ' x F,

p(Q.F) = maz{maz { [ (@) = i\ P)leap(-AA). [ 9(Q) — 2(F) | )

wherevV1 < j <k,

M‘>)\H.

ri(\F) = EF[(%YM o (F)

Then for all sequences {Q,, € F' : n > 1} and {F,, € ¥ : n > 1} that satisfy p(Q,, F,,) — 0,

limsupsup|J,(z, Q) — Ju(z, F,)| = 0. (39)

n—oo xE€R

Proof. For all sequences {Q,, € F': n > 1} and {F,, € F : n > 1} that satisfy p(Q,, F,,) —
0, following the proof of Lemma S.12.1 of Romano and Shaikh (2012b), by assumption

of the uniform integrability (38) and proof by contradiction, we would have

limlimsupr;(\, F,) =0

A—=00 poo

lim limsupr;(\, Q) =0

A—=00  psoo

by Lemma 5, which is the uniform integrability condition. Then suppose (39) fails, then

there exists a subsequence n, such that Q(F,,,) — Q*, Q(Q,,) — Q* and either

sup|J,, (z, F,,) — P« (x,...,x)| - 0

zeR
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or

sup|Jy, (z,Qn,) — Pos(z,...,z)] » 0

z€R

where @y, is the cdf of N'(0, ). Consider under F,,,,
P(n” 23S (W) < —0u(Fy, ), 0”25, (W) < —0(F, )

where Ep, [1;(W)] =0V1 < j < k. (=00, —01(Fp,)x] X -+ x (=00, —0p(F), )z] is convex.

Then by Lemma 3.1 of Romano and Shaikh (2008) and continuous mapping theorem,

CE,, (1) = Par,,) ()] = 0,

where (g, (1) = P(%ﬁfjm < (~),...,%W < (+)) and (-) represents any

elements in the (—oco, —z]*. Since |®qf, )(-) — Po-(-)| — 0 by continuity,

[CFn, (+) = P ()] = 0

by triangular inequality. By Lemma 4 and continuous mapping theorem, S;,,>0;(6, F,),

V1 < j < k.Then

P ”752?:11?10%) < ni%E?ﬂwk(Wi)

P(—s,.. () =5 S 0) — e ()] 2 0

by Slutsky’s Theorem. Following Lemma 1, \/n(fin; — pas,) = n‘%ZLl%(Wi) + op(1).

|P(\/ﬁ(ﬁM1 — KAy (an>>

Si < (..., Yl =i Fu)) oy g0 0] 50

Sk,n

by Slutsky’s Theorem. Thus,

Jn(x, an) _ 1— P(min Vn(par; (Fry ) —Ha;) > I)

1<j<k Sin

- 1_ P(\/ﬁ(ﬁleuMl(an)) < ()7 V(i —par, (Fny ) < ())

S1,n = T Sk,n
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Therefore,

Jo(, Fpy) = 1= ®ge(-) = De (o),

where (o) represents any elements in the (—oo, z|*. Similarly, J,(z, Q,,) — ®o-(o). Then
by Polya’s Theorem, both sup|J,,, (z, F,,,)—®q:(z, ..., z)| and sup|J,, (z, Qn,)—Pao-(z, ..., )|

z€eR zeR
converge to 0, which is a contradiction. O

Lemma 7. Suppose all the assumptions in Lemma 6 satisfied. Then M,,(3) defined by (12)

liminfinfP{u € M,(B)} >1— 0.

n—oo FeF

Proof. Consider any sequence {F,, € F : n > 1} as the true DGP of ,,; and denote r,
as the empirical distribution of W,, ;. Then trivially Py, {E € F'} — 1. By Lemma S.12.2
of Romano and Shaikh (2012b), [ |r;(X, F) — (A, Fn)|exp(—)\)d)\iF>7f), V1 < j < k.And
by Lemma 4, || Q- Q(F,) || %0. Hence, by continuous mapping theorem, p(]/*—’;, Fn)PiiLO.
Then by Lemma 6 and Theorem 2.4 of Romano and Shaikh (2012a),

liminfinfP{J; (a1, F,) < T/ < J7N1 — a9, )} 21— a1 — ay

n—oo FeEF

holds for any «; > 0 and a, > 0 satisfying 0 < oy + a3 < 1. The desired result follows

immediately when oy = § and o, = 0. l
Lemma 8. Suppose all the assumptions in Lemma 6 satisfied. If % — ooVl <j <k,
then P, (M,(8) CRE) — 1.

—

Proof. By definition of M,,(5), u € M, (B) is such that WEK*(&, F)V1<j<

n

k, where K-1(8, F,,) is defined as (13), that is,

o KB F) xSy oi(Fa) 1Vl — py(Fr)
Y R 7l R N o5 (Fy) o, (Fy)
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V1l < j < k. By Lemma 2, m(—;”)( = Oppn(1). By Lemma 4 and continuous
g

mapping theorem, (F ) 1. ByLemma6, K, (z, F, n) — $q- (o), where (o) represents any
elements in the (—oo, z]*. Thus, K, 1(8, Fn) = Oppn(1). Therefore, when f“&%") — 00
V1 < j <k, the desired result follows. ]

Lemma 9. Let J,(z, F') be the distribution of the test statistic T,, given by (4), (6) and (7)
with i = 137, m(W;, 0 ,h). After replacing \/nu by \/n\, inT,, denote J,(z, \,, F) as the

distribution of it, i.e.

Jule A F) = P(S(S7 (Vi@ — p(F)) + ;' Vid, @) < o)

Suppose all the assumptions in Lemma 4 satisfied. Define p(Q, F') as in Lemma 6. Sup-
pose for some) # 1 C {1,...,k},

forall j € I and someé; > 0 and

forallj ¢ 1. Then

Pp, (T, > J, ' (1 - a+ﬁ,u(Fn),l€’\n)) —a—pf.

Proof. Consider T,, = max—@. Under F,, ﬁ’“‘j,(F n) — i) Vi (Fn) . By Lemma 4 and

1<j<k i Sj o;(Fn)
continuous mapping theorem, —— - —?1 Thus, by assumption,
\/_/“’L] ( )pF 5
S; !
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forall j € I and some §; > 0 and

forall j ¢ I. Hence,

Vi Nl = (F) Vi (F)
ngxgk —Sj = nj@glx{ S, S } 4 opr,(1). (40)

Under Q,, ‘/ﬁ‘g;Q”) - "j(sj") jj((g’;)) ‘/;“(JF? For all sequences {Q,, € F/ : n > 1} and

{F, € F : n > 1} that satisfy p(Q,, F,,) — 0, following the proof in Lemma 6 and by

Lemma 5,

) (1) (W>| A =0,

;(@n)

Thus, similarly, g]fj oo — L At the same time, proof by contradiction leads to || 2(Q,,) —

w
f g g

Q(F,) |- 0. Therefore, %%:)) — 1. Thus,

\/ﬁ:uj (Qn) PE;L 5]‘
S;

forall j € I and some §; > 0 and

forall j ¢ I. Hence,

Vi VG = (Qn) Vi (Q)
T{ngk S; njzglx{ S, S, } +opg, (1). (41)

Following the arguments in the proof of Lemma 6 and further by Slutsky’s Theorem,
Ju(x, F,) — ®g-(o), where (o) represents any elements in the(—oc,z + ;]I for each

j € I for some 6; > 0. Similarly, J,(z,Q,) — ®q-(o). Therefore, applying proof by
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contradiction as in Lemma 6, for all sequences {Q, € ¥ : n > 1} and {F, € F: n > 1},
if p(Q,, F,) — 0,
limsupsupun(x, Qn) - Jn(x> Fn)| =0.

n—oo xER
Besides trivially, PFn{f/?’\n € F'} — 1. And by the same arguments in the proof of
Lemma 7, p(ﬁ, Fn)PiiLO. Then by Theorem 2.4 of Romano and Shaikh (2012a), the de-

sired result follows. The case of T,, given by (6) and (7) can be proved similarly. O]

C Proofof Theorem 1

Under H, and the assumption hy = E[Y'|X], its sufficient to show lim supsupEr[¢,] <

n—oo FeF

a. The proof then follows that of Theorem 2.1 in Romano et al. (2014). Suppose (9) fails,

then there exists a subsequence n; and n > a such that Er, (¢,,) — 1. Observe that

Br, (60) = 1=Pr,, ({M0(8) € REIU{T, (0) < Cus(1=a+ 8,0)} ) < 1-Pr,, ({Ma,(8) SR}

and that

Er,, (¢n) <1~ P, ({T(0) < Co, (1= a4 B,0)})

By Lemma 8, when %ﬁf) — 00 V1 < j <k, then P, (M,,(3) € R}) — 1. Hence,

Er, (¢n,) — 0, which is a contradiction.

Then consider the case when Yt (n)

0 (Fny)
%(F’;t) — oo for all j ¢ I. By observing that C,(1 “at B,0) is the critical value of
ng

JH1—a+ B, A, ]/’;) atlevel 1 —a+pBwhen \,;,, = argsup J;'(1—a+f,\, ]/7;), which
AeMn (8) NRE
is weakly greater than J (1 — a + 8,u, F,) = J,; (1 — a + 3, F,,). Hence,

— ¢, for all j € I and some §; > 0 and

Br,, (0n) < Pr, ({T0, 2 5 (1 = a4 B, F)} ) + 5,

where 0 < 8 < o. ByLemma9, Py, (T, > Jil(l—aJrﬁ,f,;)) — a—f3. Then Ef, (¢n,) —
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«, which is a contradiction. Therefore, the desired result follows.

Q.E.D.
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